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The kernel k : X x X — R is symmetric and positive semi-definite,
and

sup |k(x,y)| < k < +o0.
X,yeX

Interaction models

e (Offline optimization) Passive data:

(x,¥) = ((x1,51)5 - (Xny ¥n)) st ye = £(x¢) + e

for independent 1—subgaussian 7;.

@ (Online optimization) Choose sequentially xi, ... x, and
receive yy = f(x¢) + 1.
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Goals

Target approximator

For f, € H = RKHS(k; X),

e 1= sup |[f(x) — f(X)| |
xeX

@ Offline setting: output X,, minimize

ro = F(x*) — F(%n).

@ Online setting: minimize

n

Ro = f(x*) = f(x).

t=1

In terms of n, ¢, ||f||% and properties of H.
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Existing results [Bogunovic and Krause, 2021]

Regret bound:

Rn < 0 ('Ynﬁ‘i‘ Hf*HH\/'Ynn + \ﬁnng) .

Maximal information gain

Vo 1= Maxy, x,ex logdet(/ + A71K), for Ky = k(xi, ;).

For k in the Matérn family [Vakili et al., 2021]:
Yn =X nﬁ’
except for log —factors.

Error amplification

—_m 0 = .
If € &= n~2v+m this gives linear regret.
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Proof backbone

e P, .g: KRR estimator data (x, g(x))

@ 0y \: posterior standard deviation

0 (%) 1= 1/ k(x,x) = W) T(K + A1)~ 10x(x).

n
|an)‘f(x) - PX,Af;(X)‘ S 70-x7A(X)€.
A

Can we refine this result?
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Population version

x i p. (¢:)2, orthogonal in L2(p) and

k(x,y) = Z 1idi(x)Pi(y)-
i=1

Population operator

_ >N pifipi(x)

P f(x): T+

fi = (f, bi) 12(p)-
=

For 7 = A/n, |P+f — Px \f|lec = o(1).

For bounded eigenfunctions

IP+f — Prfillco < v/ defi(k|T)e.

Note: /T sup,cx oxa(x) o \/dese(k|T) + 0(1).
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Error decomposition

Idea:
rn < 2 sup [Pey(x) — F(x)]
xXEX

Function decomposition
f(x) = fiu(x) + f2(x)

Pxay(x) = F(X)] < [Ponfilx) = £0x)] + [Paafo(x) = Prf(x)]

stoch. y stoch. design

+

o stoch. v < \/desr(k|7)n~Y/?||f, |l [Hsu et al., 2012]
e stoch. design < k2n~1/2(e + n~1/2) [Smale and Zhou, 2005]
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Lebesgue constant analysis
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Lebesgue constant analysis

Lebesgue constant

For an operator I1, we call

Mgl
N 117
gelo(x) gl
L — L' duality
o wifipi
APr) = max |3 1209 o)
XX Tk L1(p)

Intractable due to the generality of the ¢’s
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Spectral Lebesgue Growth

Many different kernels use the same features and different
eigenvalues!

Bochner's theorem

Stationary periodic kernels admit a discrete Fourier basis as their
exact eigenfunctions.

Fourier features = S.L.G.
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The question turns on eigenvalue profiles

Call p; the eigenvalues sorted according to S.L.G.

Typical case = worst case

For a random eigenvalue profile p; ~ i=*X; with X; iRt Bern(1/2),

/\(PT) = deff(le) a.s.

Monotone spectrum

If i J 0 (monotonically),
A(P;) < log(e + k/T).

No effective dimension, only log-dependence in k and 1/7.

Tensorized kernels
k(x,y) = [17Z1 ki(xj, y;) where satisfies S.L.G. and y; | 0.

A(P,) < log(e + k™ /7)?>™ 1,
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Online optimization

Controlling the regret

n

Ro = f(x*) = f(x)

t=1
requires exploration-exploitation trade-off.

Explore-then-commit

© Sample uniformly the first ng = n® queries
@ Put the remaining n — n® on Xp,
© Sub-optimal

Smooth level curves
© Assume level sets {f(-) > M} are smooth

@ Very restrictive

\,
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7—GP-UCB [Janz et al., 2020]

Split any region A with
too many point into
2™ sub-regions. Always
. keeps that

Yjanx| < polylog(n).
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Key observations

Domain splitting

Let M : L°(X) — L°°(X) such that
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N[f; X](x) = H{x € X }N[f; Xo](x) + 1{x € X5 }N[f; A5](x),

rlo My

Then, A(T) = max {A(Mo), A(TT1)} .

Lebesgue constant and information gain

For KRR, A(PAﬂx,)\) S VY| ANx|- With 7—GP-UCB,

Yjanx| < polylog(n),

on all regions.
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Final regret bound

Eigendecay on subdomains
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bounded ¢, ;.
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Final regret bound

Eigendecay on subdomains

Restricting k to an hypercube of side p > 0 gives u,; < p®p; and
bounded ¢, ;.

k € Matérn family — a = 2v.

Ry < O (||full3v/7nn + ne) |
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Open questions

@ Is there some useful kernel such that the \/dese(k|T)e is
inevitable?
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Open questions

@ Is there some useful kernel such that the \/dese(k|T)e is
inevitable?

@ Offline method = localization of the spectrum, online method
~ localization of the domain
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